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Abstract  

Betweenness centrality (BC) is an important metrics in graph 
analysis which indicates critical vertices in large-scale networks 
based on shortest path enumeration. Typically, a BC algorithm 
constructs a shortest-path DAG for each vertex to calculate its BC 
score. However, for emerging real-world graphs, even the state-
of-the-art BC algorithm will introduce a number of redundancies, 
as suggested by the existence of articulation points. Articulation 
points imply some common sub-DAGs in the DAGs for different 
vertices, but existing algorithms do not leverage such information 
and miss the optimization opportunity. 

We propose a redundancy elimination approach, which identi-
fies the common sub-DAGs shared between the DAGs for differ-
ent vertices. Our approach leverages the articulation points and 
reuses the results of the common sub-DAGs in calculating the BC 
scores, which eliminates redundant computations. We implement-
ed the approach as an algorithm with two-level parallelism and 
evaluated it on a multicore platform. Compared to the state-of-the-
art implementation using shared memory, our approach achieves 
an average speedup of 4.6x across a variety of real-world graphs, 
with the traversal rates up to 45 ~ 2400 MTEPS (Millions of 
Traversed Edges per Second).  

Categories and Subject Descriptors D.1.3 [Programming Tech-
niques]: Concurrent Programming—Parallel programming;    
G.2.2 [Discrete Mathematics]: Graph Theory—Graph algorithms  

General Terms Algorithms, Performance 

Keywords  Partial Redundancy Elimination; Parallelism; Be-
tweenness Centrality 

1. Introdection 

Betweenness centrality (BC) [1] is an important metrics in graph 
analysis which indicates critical vertices in large-scale networks 
based on shortest path enumeration. It has been widely used in 
many areas for decades, such as lethality in biological networks [2] 
[3], analysis of transportation networks [4], study of sexual net-
works and AIDS [5], and contingency analysis for power grid 
component failures [6]. Nowadays, it is playing a significant role 
in studying the emerging social networks, e.g., in community 
detection [7] and in identifying key actors in terrorist networks 
[8][9]. Unfortunately, even the state-of-the-art algorithm for cal-
culating BC scores runs in O(|V||E|) time for unweighted graphs, 

making the analysis of large graphs challenging. As the data 
volume is getting more tremendous, it is critical to improve the 
efficiency of BC algorithms in processing large-scale graphs. 

We observed that for a large number of real-world graphs, ex-
isting BC algorithms have redundant computations. Let us take 
Brandes’ algorithm for illustration, which is the fastest known 
algorithm for calculating BC [10], and is the basis of a number of 
parallel BC algorithms [11][12][13][14][15][16]. The algorithm 
firstly constructs a shortest-path DAG for each vertex by perform-
ing a breadth-first search (BFS) from that vertex, and then it 
traverses all these DAGs backward to accumulate the dependen-
cies and update the BC scores of all vertices. Redundancy exists 
when there are articulation points in the graph. A vertex is an 
articulation point iff removing it disconnects the graph. Consider a 
graph G with one articulation point a, which divides G into two 
sub-graphs SG1 and SG2. For all vertices in SG1, their DAGs will 
have a common sub-DAG which starts from the articulation point 
a and spans the sub-graph SG2. However, existing BC algorithms 
do not leverage such information and they traverse the entire 
DAG for each vertex in SG1, thus the common sub-DAG will be 
traversed multiple times, causing significant redundant computa-
tions. 

In this paper, we propose an articulation-points-guided redun-
dancy elimination approach, called APGRE, to eliminate the 
above redundancy. The key idea is to identify the common sub-
DAGs shared between the shortest-path DAGs for multiple verti-
ces using articulation points, and to remove partial and total re-
dundancies in these sub-DAGs. Our approach consists of the 
following three steps. First, a graph G is decomposed into multi-
ple sub-graphs (SG1, …, SGk) by a set of articulation points 
(a1, …, ak-1), where each sub-graph is associated with at least one 
articulation point. Second, for each sub-graph SGi, a sub-DAG 
starting from each articulation point is constructed. Each sub-
DAG is a common sub-DAG shared between the DAGs for those 
vertices not in SGi. We count the size of a common sub-DAG and 
the number of the DAGs which share this sub-DAG. Finally, we 
calculate the BC scores for each sub-graph SGi according to the 
dependency information of its corresponding sub-DAGs. As such, 
our approach can reuse the results in traversing the common sub-
DAGs and eliminate redundant computations. 

This paper makes the following contributions: 
 We propose an articulation-point-guided redundancy elimina-

tion (APGRE) approach for Brandes’ algorithm. It leverages 
the articulation points to classify the recursive relations for the 
dependency of a source vertex on all the other vertices into 
four possible cases of shortest paths, which are identified 
when calculating the BC scores of an individual sub-graph. 
Our approach reuses the results of those already visited sub-
DAGs in computing the BC scores. 

 Since the sub-graphs are independent, we implemented the 
APGRE approach as an algorithm with two-level parallelism 
on a shared memory platform, i.e., coarse-grained asynchro-



nous parallelism among sub-graphs and fine-grained synchro-
nous parallelism among vertices within one sub-graph. The 
two-level parallelism makes it possible to extract large 
amount of parallelism. 

 Our experimental results show that compared to the state-of-
the-art implementation, our APGRE algorithm achieves an 
average speedup of 4.6x for a variety of real-world graphs, 
ranging from 1.59x to 32.83x, with traversal rates up to 45 ~ 
2400 MTEPS (Millions of Traversed Edges per Second) on a 
multi-core machine. 

2. Background and Motivation 

2.1 Definition and Brandes’ Algorithm 

Given graph G(V, E) and vertices s, t ∈ V, let σst be the number of 

the shortest paths from s to t in G, and 𝜎𝑠𝑡(𝑣) be the number of 

the shortest paths that pass through a specified vertex v. The 

betweenness centrality of a vertex v is defined as: 𝐵𝐶(𝑣) =

∑
σst(𝑣)

𝜎𝑠𝑡
s≠v≠t∈V . Using this definition, a naive method can enumer-

ates the all-pairs shortest-paths in O(|V|3) time [1]. 

Brandes [10] presented an efficient sequential algorithm which 

computes BC in O(|V||E|) time and O(|V| + |E|) space for un-

weighted graphs. Brandes’ algorithm is based on a new accumula-

tion technique. By defining the dependency of a source vertex s on 

any vertex v as 𝛿𝑠(𝑣) = ∑
σst(𝑣)

𝜎𝑠𝑡
t∈V  , the betweenness centrality of 

a vertex v can be expressed as follows: 
𝐵𝐶(𝑣) = ∑ 𝛿𝑠(𝑣)s≠v∈V                                     (1) 

The key insight is that given pairwise distances and shortest paths 
counts, 𝛿𝑠(𝑣) satisfies the following recursive relation: 

𝛿𝑠(𝑣) = ∑
σsv

𝜎𝑠𝑤
(1 + 𝛿𝑠(𝑤))w: v∈𝑃𝑠(𝑤)               (2) 

where 𝑃𝑠(𝑤) is the set of immediate predecessors of vertex w on 

the shortest paths from s. 

In equation 2, vertex v is an immediate predecessor of vertex w 

on the shortest paths from s, or vertex w is an immediate succes-

sor of vertex v. If vertex v does not have an immediate successor, 

𝛿𝑠(𝑣) is zero; otherwise 𝛿𝑠(𝑣) is the sum, 
σsv

𝜎𝑠𝑤
(1 + 𝛿𝑠(𝑤)) of all 

immediate successors w of v. 
Brandes’ algorithm uses this insight to accumulate the depend-

encies and update the BC scores. For unweighted graphs, it per-
forms breadth-first search (BFS) to count the number of the short-
est paths and constructs a directed acyclic graph (DAG) of the 
shortest paths starting from each vertex (loop in line 4 in Figure1). 
The algorithm then traverses all these DAGs backward to accu-
mulate the dependencies and add the dependencies to BC scores 
(loop in line 6 in Figure1). 

The fine-grained parallel BC algorithms [11][12][13][14][15] 
[16] perform the per-source vertex computations in parallel, and 

they are more space-efficient since they only need to maintain a 
single graph instance. Recent work on fine-grained parallel BC 
algorithms includes level-synchronous parallelization based on a 
BFS DAG, asynchronous parallelization by relaxing the order in 
computing BC, and hybridization by combining a top-down BFS 
algorithm and a bottom-up BFS algorithm. 

2.2 Redundant Computation 

By studying a large number of graphs, including social networks, 
web graphs, co-author networks, email networks, protein net-
works and road graphs, we observed that there are a large number 
of articulation points and a large number of vertices with a single 
edge, as Figure2 [29] shows. Real-world graphs typically have the 
power-law degree distributions, which implies that a small subset 
of the vertices are connected to a large fraction of the graph 
[30][31], and there are many vertices with a single edge. 

Articulation points suggest considerable redundancies in calcu-
lating BC scores of unweighted graphs. A vertex in a connected 
graph is an articulation point iff removing it disconnects the graph. 
For example, in Figure3 (a), vertex 2, vertex 3 and vertex 6 are 
articulation points in the directed graph. When calculating BC 
scores of this graph, Brandes’ algorithm constructs 13 DAGs 
rooted at each vertex (D0~D12), as shown in Figure3 (b). Figure3 
(d) shows that there are four common sub-DAGs. The DAGs D6, 
D7, D8, and D9 share a common blue sub-DAG rooted at vertex 6, 
called blue SD6 with vertices {6, 2, 5, 3, 4, 12, 10}. D3, D10, D11, 
and D12 share a common green sub-DAG rooted at vertex 3, 
named green SD3 with vertices {3, 5, 6, 2, 7, 8, 4, 9}. D0, D1, D2, 
D4 and D5 have two common sub-DAGs, the pink SD3 with verti-
ces {3, 12, 10} and the brown SD6 with vertices {6, 7, 8, 9}. In 
addition, a common sub-DAG can contain other smaller sub-
DAGs, such as blue SD6 contains pink SD3, and green SD3 con-
tains brown SD6. DAGs rooted at articulation points are com-
prised of common sub-DAGs, such as D3 comprised by pink SD3 
and green SD3, and D6 comprised by blue SD6 and brown SD6. 
These common sub-DAGs lead to partial redundancies. 

When articulation points have predecessors with no incoming 
edge and a single outgoing edge, total redundancies exist in 
calculating BC scores. For example, in Figure3 (a), vertex 2 is an 
articulation point, the degree of vertex 0 and vertex 1 are one. And 
the DAG D2 is the sub-DAG of D0 and D1, as shown in Figure3 (c). 
The dependency 𝛿0 of vertex 0 on all other vertices can be derived 
from the dependency 𝛿2 of vertex 2 on all other vertices, so D0 
need not to be constructed.  D0 and D1 are total redundancies. 

Input: G(V,E) 

Output: bc[] 

1. foreach 𝑠 ∈ V  { 

2.     forall  𝑣 ∈ V         // Initialize  

3.         clear 𝜎𝑠𝑡(𝑣), 𝑃𝑠(𝑣) , 𝛿𝑠(𝑣) 

4.     forall 𝑣 ∈ V          //Construct shortest-path DAG 

5.         compute  𝜎𝑠𝑡(𝑣)  and 𝑃𝑠(𝑤) 

6.     forall 𝑣 ∈ D          // Traverse DAG backward 

7.         compute  𝛿𝑠(𝑣) 

8.         bc[v] += 𝛿𝑠(𝑣) 

9. } 

Figure 1. Pseudocode for Brandes’ algorithm 

 
Figure 2. Human Disease Network (1419 vertices and 3926 edges) 



2.3 Our Approach 

In this paper, we focus on leveraging articulation points to reduce 
redundant computations. We leverage the articulation points to 
classify the recursive relation for the dependency of a source 
vertex on all other vertices into four possible cases of the shortest 
paths, which are identified when calculating the BC scores of an 
individual sub-graph. As a result, when computing the BC scores, 
our algorithm can reuse the results of the sub-DAGs already 
visited.  

In our approach, a shortest-path DAG Ds rooted at a source s is 

divided by articulation points into sub-DAGs (SDa1, …, SDak). Let 

α(𝑆𝐷𝑎𝑖) be the size of the sub-DAG SDai excluding the root ver-

tex ai, and β(𝑆𝐷𝑎𝑖) be the number of DAGs which contain the 

common sub-DAG SDai. When calculating the BC scores of an 

individual sub-graph SGi, the triplet of source s, vertex v and 

target t can be categorized into four classes, and the dependency 

of s on any vertex v is classified into four recursive relations 

accordingly. 

1. in2in, 𝑠, 𝑣, 𝑡 ∈ 𝑆𝐺i, the sub-DAG SDs rooted at s is in SGi and 

is located at the top of Ds. All the shortest paths in SDs are in-

volved. The in2in dependency 𝛿𝑖2𝑖(𝑠)(𝑣)  becomes a sub-

problem of BC in a smaller graph. 

2. in2out, 𝑠, 𝑣 ∈ 𝑆𝐺i, 𝑡 ∉ 𝑆𝐺𝑖, then the paths from v to t must 

contain an articulation point a which connects SGi to t. In this 

case, we just need to calculate the path s->v->a, because the 

shortest path from s to t must contain the path from s to a. A 

sub-DAG SDa rooted at a is out of SGi and is located at the 

bottom of Ds. The number of the shortest paths from s to t 

containing the path s->v->a in Ds equals to the size of SDa ex-

cluding a. So only the shortest paths from s to a in SDs are in-

volved, and α(SDa) is applied to the path s->v->a to accumu-

late the in2out dependency 𝛿𝑖2𝑜(𝑠)(𝑣). 

3. out2in, 𝑣, 𝑡 ∈ 𝑆𝐺i, 𝑠 ∉ 𝑆𝐺𝑖, then the paths from s to v must 

contain an articulation point a which connects s to SGi. In this 

case, we just need to calculate the path a->v->t, because the 

shortest path from s to t must contain the path from a to t. A 

sub-DAG SDa rooted at a is in SGi and is located at the bot-

tom of Ds. SDa is a common sub-DAG shared among multiple 

DAGs rooted at different s. β(SDa) is the number of Ds that 

contain SDa. All the shortest paths in SDa are involved, and 

β(SDa) is applied to all paths in SDa to accumulate the out2in 

dependency 𝛿𝑜2𝑖(𝑎)(𝑣). 

4. out2out, 𝑣 ∈ 𝑆𝐺i, 𝑠, 𝑡 ∉ 𝑆𝐺𝑖, they are in three different sub-

graphs, and must be connected by two articulation points a1 

and a2 in SGi.  In this case, we just need to calculate the path 

a1->v->a2, because all the shortest paths from s to t contain-

ing v must contain the shortest path a1->v->a2. SDa1 rooted at 

a1 is in SGi and is located in the middle of Ds. SDa2 rooted at 

a2 is out of SGi and is located at the bottom of Ds. So only the 

shortest paths a1->v->a2 in SDa1 are involved, and β(SDa1) 

and α (SDa2) are applied to a1->v->a2 to accumulate the 

out2out dependency 𝛿𝑜2𝑜(𝑎1)(𝑣). 

In a word, an articulation point a has 𝛿𝑖2𝑖(𝑎), 𝛿𝑖2𝑜(𝑎), 𝛿𝑜2𝑖(𝑎) 

and  𝛿𝑜2𝑜(𝑎), and a non-articulation point u  has 𝛿𝑖2𝑖(𝑢) and 𝛿𝑖2𝑜(𝑢). 

Therefore, the BC scores of an individual sub-graph SGi can be 

computed as follows: 

BCSGi (𝑣) = ∑ (𝛿𝑖2𝑖(𝑠)(𝑣) + 𝛿𝑖2𝑜(𝑠)(𝑣) + 𝛿𝑜2𝑖(𝑎)(𝑣) + 𝛿𝑜2𝑜(𝑎)(𝑣))

𝑠,𝑎≠𝑣∈𝑆𝐺𝑖

  

The articulation point a is shared by several sub-graphs, so BC(a) 
is the sum of its local BC scores in sub-graphs. 
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Figure 3. Illustration of partial and total redundancy in BC calculation. 



We can further reduce total redundancies based on the above 

four types of dependency. Let vertex u be a vertex with no incom-

ing edges and a single outgoing edge u->s, then the DAG Ds 

rooted at s is the sub-DAG of Du rooted at u. The dependency 𝛿𝑢 

of u on all other vertices can be derived from the dependency 𝛿𝑠 

of s on all other vertices, so Du does not need to be constructed. 

Let γ(Ds) be the number of Du, and γ(𝑠) be the number of vertex s’ 

neighbours which have a single outgoing edge to 𝑠, and with no 

incoming edges. Let R be a set of root vertices from which DAGs 

are constructed. Vertex u is removed from R, and γ(𝑠)  is in-

creased by one. When calculating the BC scores of an individual 

sub-graph SGi, 𝛿𝑖2𝑖(𝑢) and 𝛿𝑖2𝑜(𝑢)can be derived from 𝛿𝑖2𝑖(𝑠) and 

𝛿𝑖2𝑜(𝑠), because u is not an articulation point. Therefore, the BC 

scores of an individual sub-graph SGi can be expressed as follows: 

BCSGi (𝑣) = ∑ ((1 + 𝛾(𝑠)) ∗ (𝛿𝑖2𝑖(𝑠)(𝑣) + 𝛿𝑖2𝑜(𝑠)(𝑣)) + 𝛿𝑜2𝑖(𝑎)(𝑣)

𝑠,𝑎≠𝑣;𝑠,𝑎∈𝑅𝑠𝑔𝑖

+ 𝛿𝑜2𝑜(𝑎)(𝑣)) + ∑  𝛾(𝑠) ∗ (𝛿𝑖2𝑖(𝑠)(𝑣) + 𝛿𝑖2𝑜(𝑠)(𝑣)) 

𝑠=𝑣;𝑠∈𝑅𝑠𝑔𝑖

 

The key insight of our approach is to identify common sub-
DAGs shared among multiple DAGs using articulation points, and 
to remove partial and total redundancies in these sub-DAGs. Our 
approach consists of the following three steps: decomposing an 
unweighted graph through articulation points, counting the size of 
a common sub-DAG and the number of DAGs which share this 
sub-DAG, and calculating the BC scores of each sub-graph using 
the four types of dependency. How to recursively accumulate the 
four types of dependency and how to compute the α and β of a 
common sub-DAG are introduced in section 3. 

Example 1 (DAGs in our approach). Figure3 (e) and (f) show 

the DAG construction and dependency accumulation on the de-

composed graphs for BC computation.  The graph in Figure3 (a) 

are decomposed into three sub-graphs (SG1, SG2 and SG3) by 

articulation points 3 and 6, as shown in Figure3 (e). Figure3 (f) 

shows the DAGs in our approach. The four common sub-DAGs 

occur only once: pink SD3 is in SG1; brown SD6 is in SG3; part of 

green SD3 is in SG2 and the other part is in SG3, since brown SD6 

is a sub-DAG of green SD3; part of blue SD6 is in SG2 and the 

other part is in SG1, since pink SD3 is a sub-DAG of blue SD6. 

When calculating the BC scores of SG3, blue SD6 is shared 

among D7, D8 and D9, and brown SD6 is shared among D0, D1, D2, 

D3, D4, D5, D10, D11 and D12. As a result, α(blue SD6) is applied to 

the shortest paths 7->v->6, 8->v->6, 9->v->6 to accumulate 

𝛿𝑖2𝑜(7) , 𝛿𝑖2𝑜(8) , and 𝛿𝑖2𝑜(9) , respectively, and β (brown SD6) is 

applied to all the shortest paths of  brown SD6 to accumulate 

𝛿𝑜2𝑖(6) . When calculating the BC scores of SG2, since all the 

shortest paths from vertices in SG1 to vertices in SG3 must contain 

the shortest path 3->v->6, β(green SD3) and α(brown SD6) are 

applied to 3->v->6 to accumulate 𝛿𝑜2𝑜(3); since all the shortest 

paths from vertices in SG3 to vertices in SG1 must contain the 

shortest path 6->v->3, β(blue SD6) and α(pink SD3) are applied to 

6->v->3 to accumulate 𝛿𝑜2𝑜(6); pink SD3 is shared among D2, D4 , 

D5 and D6, and α(pink SD3) is acted on the shortest paths 2->v->3, 

4->v->3, 5->v->3, 6->v->3 to accumulate 𝛿𝑖2𝑜(2), 𝛿𝑖2𝑜(4), 𝛿𝑖2𝑜(5), 

and 𝛿𝑖2𝑜(6), respectively; since brown SD6 is shared among D2, 

D3 , D4 and D5,  α(brown SD6) is acted on the shortest paths 2-> v 

->6, 3->v->6, 4->v->6, 5->v->6 to accumulate 𝛿𝑖2𝑜(2) , 𝛿𝑖2𝑜(3) , 

𝛿𝑖2𝑜(4), and  𝛿𝑖2𝑜(5), respectively; green SD3 is shared among D10, 

D11 and D12, thus β(green SD3) is applied to all shortest paths of 

green SD3 to accumulate 𝛿𝑜2𝑖(3); blue SD6 is shared among D7, D8 

and D9, and  β(blue SD6) is applied to all shortest paths of blue 

SD6 to accumulate 𝛿𝑜2𝑖(6); finally, since D2 is a sub-DAG of D0 

and D1, γ(2) is 2, and vertices 0 and 1 are removed from R. From 

Figure3 (f), we can see that an articulation point is a root of two 

sub-DAGs, if SDa is in SGi, β(SDa) is needed, otherwise α(SDa) is 

needed.  

3. APGRE: Redundancy Elimination Approach 

for BC 

In this section, we introduce a partial and total redundancy elimi-
nation approach for BC, called APGRE. We divide the recursive 
relation for the dependency of a source vertex on all other vertices 
into four possible cases of shortest paths, which are identified 
when calculating the BC scores of an individual sub-graph. As 
such, our algorithm can reuse the results of those sub-DAGs that 
are already visited when computing the BC scores for vertices 
different from the one currently processed. We first describe the 
new algorithm, then we discuss the correctness of our algorithm. 

3.1 Redundancy Elimination Algorithm 

Definition 1 (Decomposed Graph).  A vertex in a connected 
graph is an articulation point iff removing it disconnects the graph. 
A graph G(V, E) can be decomposed into multiple sub-graphs 
connecting each other through articulation points. A sub-graph is 
expressed as SGi(V, E, A) or (Vsgi, Esgi, Asgi), where A is the set of  
articulation-points in SGi. 

We now show how to express common sub-DAGs using three 
variables of articulation points. An articulation point a connects 
several sub-graphs (SGi, SGj, …, SGk), and it is shared by these 
sub-graphs. The articulation point a in SGi can express two short-
est-path sub-DAGs, SDa in SGi, and SDa out of SGi, respectively. 
Let 𝛼𝑆𝐺𝑖(𝑎) be the size of SDa that is out of SGi, excluding the 
root a; 𝛽𝑆𝐺𝑖(𝑎) be the number of DAGs containing the SDa that is 
in SGi; 𝛾𝑆𝐺𝑖(𝑎) be the number of DAGs Ds which has an edge     
s->Da. For unweighted graphs, 𝛼𝑆𝐺𝑖(𝑎) is the number of vertices 
which a can reach without passing through SGi in G, and it can be 
obtained by BFS; 𝛽𝑆𝐺𝑖(𝑎)  is the number of vertices which can 
reach a (or which a is reachable from) without passing through 
SGi in G, and it can be obtained by reverse BFS from a; 𝛾𝑆𝐺𝑖(𝑎) is 
the number of vertex a’ neighbours with no incoming edges and a 
single outgoing edge in SGi. 

The decomposed graph and the shortest paths have the follow-
ing properties: 
1. In an unweighted graph, if SGi connects to SGj through an 

articulation point a, a must lie on all the shortest paths be-
tween vertices in SGi and vertices in SGj. 

2. If a vertex 𝑣 ∈ V lies on the shortest path between vertices 

𝑠, 𝑡 ∈ V, then σ𝑠𝑡(𝑣) =  σ𝑠𝑣 ∗ σ𝑣𝑡 .[10] 

3. Any connected graph decomposes into a tree of biconnected 
components. These biconnected components are attached to 
each other at shared vertices called articulation points. 

4. In the decomposed graph, an articulation point is split across 
multiple sub-graphs, and an edge in G is assigned to one sub-
graph. 

3.1.1 Four Types of Dependency 

We classify the recursive relation for the dependency of a source 
vertex on all other vertices into four possible sub-problems, the 
in2in dependency, the in2out dependency, the out2in dependency, 
and the out2out dependency, respectively. The four types of de-
pendency can reuse the results in traversing common sub-DAGs. 

For 𝑠, 𝑣, 𝑡, 𝑎 ∈ 𝑆𝐺i, 𝑎 ∈ Asgi, given shortest paths counts and 
shortest-path DAGs in SGi, the four types of dependency in SGi 
can be expressed as follows. Here 𝑃𝑠(𝑤) is a set of immediate 
predecessors of a vertex w on shortest paths from s, and 𝑠𝑢𝑐𝑐𝑠(𝑣) 



is a set of immediate successors of a vertex v on shortest paths 
from s. 

 

1. in2in dependency 𝛿𝑖2𝑖(𝑠)(𝑣)  . It is defined as 𝛿𝑖2𝑖(𝑠)(𝑣) =

∑ 𝛿𝑖2𝑖(𝑠,𝑡)(𝑣) = ∑
σst(𝑣)

𝜎𝑠𝑡
t∈SGi𝑡∈𝑆𝐺𝑖 , and obeys the following recur-

sive relation,   

 

𝛿𝑖2𝑖(𝑠)(𝑠) is zero. All shortest paths of DAG Ds are involved to 

accumulate 𝛿𝑖2𝑖(𝑠)(𝑣). We construct shortest-paths DAGs for each 

vertex in SGi, and accumulate their in2in dependencies. 
 

2. in2out dependency 𝛿𝑖2𝑜(𝑠)(𝑣) . It is defined as 𝛿𝑖2𝑜(𝑠)(𝑣) =

∑ 𝛿𝑖2𝑜(𝑠,𝑎)(𝑣)𝑎∈𝐴𝑠𝑔𝑖
= ∑

σsa(𝑣)

𝜎𝑠𝑎
∗ 𝛼𝑆𝐺𝑖(𝑎)𝑎∈𝐴𝑠𝑔𝑖

, and obeys the fol-

lowing recursive relation, 

 

(4) 

𝛿𝑖2𝑜(𝑠)(𝑠) is zero. Only the shortest paths from s to articulation 

points in DAG Ds are involved to accumulate 𝛿𝑖2𝑜(𝑠)(𝑣). Each 

vertex in SGi can be as a source vertex to accumulate in2out 

dependencies of it on all other vertices. 

In Figure4 (a), vertex 5, 8, 9 are articulation points, and verti-

ces on green paths have in2out dependencies 𝛿𝑖2𝑜(0)(𝑣) . For 

example, vertex 3 lies on the shortest path 0->3->8, and 𝛿𝑖2𝑜(0)(3) 

is 
σ0,3

𝜎0,8
∗ 𝛼𝑆𝐺𝑖(8). Vertex 5 is an articulation point on the shortest 

paths from 0 to 9, hence 𝛿𝑖2𝑜(0)(5) is 𝛼𝑆𝐺𝑖(5) +
σ0,5

𝜎0,9
∗ 𝛼𝑆𝐺𝑖(9). Ver-

tex 2 lies on shortest paths from 0 to 9 and from 0 to 5, hence 

𝛿𝑖2𝑜(0)(2) is 
σ0,2

𝜎0,5
∗ 𝛿𝑖2𝑜(0)(5) +

σ0,2

𝜎0,7
∗ 𝛿𝑖2𝑜(0)(7).   

 

3. out2in dependency 𝛿𝑜2𝑖(𝑠)(𝑣) . It is defined as if  𝑠 ∈ 𝐴𝑠𝑔𝑖 , 

𝛿𝑜2𝑖(𝑠)(𝑣) = ∑ 𝛿𝑜2𝑖(𝑠,𝑡)(𝑣) = ∑
σst(𝑣)

𝜎𝑠𝑡
∗ 𝛽

𝑆𝐺𝑖
(𝑠)𝑡∈𝑆𝐺𝑖 𝑡∈𝑆𝐺𝑖 ; other-

wise 𝛿𝑜2𝑖(𝑠)(𝑣) = 0. And  it satisfies the following relation, 

 

𝛿𝑜2𝑖(𝑠)(𝑠) is zero. Only articulation point can be a source vertex 

s to accumulate out2in dependencies of s on all other vertices. For 

example, vertex 0 in Figure4 (b) is an articulation point and has 

𝛿𝑜2𝑖(0)(𝑣); and vertex 0 in Figure4 (a) isn’t an articulation point, 

𝛿𝑜2𝑖(0)(𝑣) is zero. 

 

4. out2out dependency 𝛿𝑜2𝑜(𝑠)(𝑣) . It is defined as if  𝑠 ∈ 𝐴𝑠𝑔𝑖 ,      

𝛿𝑜2𝑜(𝑠)(𝑣) = ∑ 𝛿𝑜2𝑜(𝑠,𝑡)(𝑣) = ∑
σst(𝑣)

𝜎𝑠𝑡
∗ 𝛽

𝑆𝐺𝑖
(𝑠) ∗𝑡∈𝐴𝑠𝑔𝑖𝑡∈𝐴𝑠𝑔𝑖

𝛼𝑆𝐺𝑖(𝑡); otherwise 𝛿𝑜2𝑜(𝑠)(𝑣) = 0. And it obeys the following 

recursive relation, 
 

 
(6) 

 𝛿𝑜2𝑜(𝑠)(𝑠) is zero. Only articulation points can be a source 

vertex s to accumulate out2out dependencies of s on all other 

vertices lying on the shortest paths from s to articulation points. 

For example, vertex 0 in Figure4 (a) is not an articulation point, 

hence it does not have 𝛿𝑜2𝑜(0)(𝑣); on the contrary, vertex 0 in 

Figure4 (b) is an articulation point and it has  𝛿𝑜2𝑜(0)(𝑣). In Fig-

ure4 (b), vertex 0, 5, 8, 9 are articulation points, and vertices on 

green paths have out2out dependencies. For example, vertex 3 lies 

on the shortest path 0->3->8, and 𝛿𝑜2𝑜(0)(3)  is 
σ0,3

𝜎0,8
∗ 𝛽

𝑆𝐺𝑖
(0) ∗

𝛼𝑆𝐺𝑖(8). Vertex 5 is an articulation point on the shortest paths from 

0 to 9, and  𝛿𝑜2𝑜(0)(5) is 𝛽𝑆𝐺𝑖(0) ∗ 𝛼𝑆𝐺𝑖(5) +
σ0,5

𝜎0,9
∗ 𝛽𝑆𝐺𝑖(0) ∗ 𝛼𝑆𝐺𝑖(9). 

Vertex 2 lies on the shortest paths from 0 to 9 and from 0 to 5, 

hence 𝛿𝑖2𝑜(0)(2) is 
σ0,2

𝜎0,5
∗ 𝛿𝑜2𝑜(0)(5) +

σ0,2

𝜎0,7
∗ 𝛿𝑜2𝑜(0)(7). 

 

𝛿𝑖2𝑖(𝑠)(𝑣) =                                                                                   (3) 

 ∑
σsv

𝜎𝑠𝑤
∗ (1 + 𝛿𝑖2𝑖(𝑠)(𝑤))w: v∈𝑃𝑠(𝑤)     if  𝑠𝑢𝑐𝑐𝑠(𝑣) ≠ ∅  

0                                                    if  𝑠𝑢𝑐𝑐𝑠(𝑣) = ∅  

 

𝛿𝑖2𝑜(𝑠)(𝑣) =                                                                                   
 𝛿𝑖2𝑜(𝑠)

𝑖𝑛𝑖𝑡 (𝑣) + ∑
σsv

𝜎𝑠𝑤
∗ 𝛿𝑖2𝑜(𝑠)(𝑤)w: v∈𝑃𝑠(𝑤)   if 𝑠𝑢𝑐𝑐𝑠(𝑣) ≠ ∅ 

𝛿𝑖2𝑜(𝑠)
𝑖𝑛𝑖𝑡 (𝑣)                                               if 𝑠𝑢𝑐𝑐𝑠(𝑣) = ∅ 

 

𝛿𝑖2𝑜(𝑠)
𝑖𝑛𝑖𝑡 (𝑣) =                                                                             

 

𝛼𝑆𝐺𝑖(𝑣)              if  𝑣 ∈ A𝑠𝑔𝑖  

0                        if  𝑣 ∉ A𝑠𝑔𝑖   

 

𝛿𝑜2𝑖(𝑠)(𝑣) =                                                                                (5) 

   𝛿𝑖2𝑖(𝑠)(𝑣) ∗ 𝛽
𝑆𝐺𝑖

(𝑠)                              if   𝑠 ∈ A𝑠𝑔𝑖 

0                                                      if    s ∉ A𝑠𝑔𝑖 

 

𝛿𝑜2𝑜(𝑠)
𝑖𝑛𝑖𝑡 (𝑣) =                                                                             

 

𝛽𝑆𝐺𝑖(𝑠) ∗ 𝛼𝑆𝐺𝑖(𝑣)          if  s ≠ 𝑣 ∈ A𝑠𝑔𝑖  

0                                    if  𝑣 ∉ A𝑠𝑔𝑖 

 
𝛿𝑜2𝑜(𝑠)(𝑣) =                                                                                    
 

𝛿𝑜2𝑜(𝑠)
𝑖𝑛𝑖𝑡 (𝑣) + ∑

σsv

𝜎𝑠𝑤
∗ 𝛿𝑜2𝑜(𝑠)(𝑤)w: v∈𝑃𝑠(𝑤)   if s ∈ A𝑠𝑔𝑖 and 𝑠𝑢𝑐𝑐𝑠(𝑣) ≠ ∅ 

0                                                         if s ∉ A𝑠𝑔𝑖 

𝛿𝑜2𝑜(𝑠)
𝑖𝑛𝑖𝑡 (𝑣)                                          if s ∈ A𝑠𝑔𝑖 and 𝑠𝑢𝑐𝑐𝑠(𝑣) = ∅  
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1. Shortest path counting 2. Dependency accumulation 

out_edges: 

    dist    

    σ

   DAG   

in_edges: 

    δi2i[], all shortest paths

    δi2o[], green paths   

BC of sgi:

   bc[v] += (1+γ[0]) * ( δi2i[v] + δi2o[v]) 

   bc[0] += γ[0] * (  δi2i[0] +  δi2o[0])

4

0. Init green articulation points 

    δi2o[5]=α[5]; δi2o[8]=α[8]; 

    δi2o[9]=α[9];  

Vertex 0 is not an articulation point;

 R={0, …, 10};   

 γ[0] = 3;

1211 13

(a) Local DAG rooted at a non-articulation point 
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1. Shortest path counting 
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out_edges: 

    dist    

    σ

    DAG  

in_edges: 

    δi2i[], all shortest paths

    δi2o[], green paths   

    δo2i[], all shortest paths

    δo2o[], green paths 

BC of sgi:

   bc[v] += (1+γ[0]) * (δi2i[v] + δi2o[v]) 

                    + δo2i[v] + δo2o[v] 

   bc[0] +=  γ[0]* ( δi2i[0] + δi2o[0])    

4

Vertex 0 is an articulation point;

  R={0, …, 10};   

 γ[0] = 3;

1211 130. Init green articulation points 

   δi2o[5]=α[5]; δo2o[5]=β[0]*α[5];

   δi2o[8]=α[8]; δo2o[8]=β[0]*α[8];

   δi2o[9]=α[9]; δo2o[9]=β[0]*α[9]; 

 (b) Local DAG rooted at an articulation point 

Figure 4. Illustration of calculating BC scores of an individual 
sub-graph in APGRE 



3.1.2 BC Scores Based on New Dependencies 

We now introduce how to merge these new dependencies to ob-
tain the BC score of a vertex v. Rsgi and γ(𝑠) are used to calculate 
the BC scores. Rsgi is the set of root vertices from which DAGs are 
constructed, and γ(𝑠) indicates the number of dependencies can 
be derived from the dependency of s on all other vertices. In 
addition, 𝛾𝑆𝐺𝑖(𝑠) is the number of vertex s’ neighbours with no 
incoming edges and a single outgoing edge in SGi. These neigh-
bours are removed from Rsgi. 

An articulation point a is shared by several sub-graphs, so 
BC(a) is the sum of its BC scores of sub-graphs. The BC scores of 
non-articulation points are their sub-graph BC scores. For 
𝑠, 𝑣 ∈ 𝑆𝐺i, 𝑠 ∈ 𝑅𝑠𝑔𝑖, the BC scores of an individual sub-graph SGi 
can be expressed as follows:  

BCSGi (𝑣) = ∑ ((1 + 𝛾(𝑠)) ∗ (𝛿𝑖2𝑖(𝑠)(𝑣) + 𝛿𝑖2𝑜(𝑠)(𝑣)) + 𝛿𝑜2𝑖(𝑠)(𝑣) + 𝛿𝑜2𝑜(𝑠)(𝑣)) 

𝑠≠𝑣,𝑠∈𝑅𝑠𝑔𝑖

+ ∑  𝛾(𝑠) ∗ (𝛿𝑖2𝑖(𝑠)(𝑣) + 𝛿𝑖2𝑜(𝑠)(𝑣)) 

𝑠=𝑣,𝑠∈𝑅𝑠𝑔𝑖

 

(7) 
The betweenness centrality of a vertex v can be then expressed 

as follows: 
𝐵𝐶(𝑣) = ∑ BCSGi (𝑣)𝑆𝐺𝑖∈𝑠𝑒𝑡(𝑆𝐺)                     (8) 

For example, in Figure4, since vertices 11, 12 and 13 have one 

single outgoing edge with no incoming edge, they are removed 

from Rsgi, and 𝛾𝑆𝐺𝑖(0) is 3. Vertex 0 in Figur4 (a) is not an articu-

lation point, the dependencies of 0, 11, 12 and 13 on other vertices 

are (1 + 𝛾(0)) ∗ (𝛿𝑖2𝑖(0)(𝑣) + 𝛿𝑖2𝑜(0)(𝑣)), and the dependencies 

of 11, 12 and 13 on 0 are 𝛾(0) ∗ (𝛿𝑖2𝑖(0)(0) + 𝛿𝑖2𝑜(0)(0)), where 

𝛿𝑖2𝑖(0)(0) and 𝛿𝑖2𝑜(0)(0) are the sum of vertex 0’s successors. On 

the other hand, Vertex 0 in Figur4 (b) is an articulation point, the 

dependencies of 0, 11, 12 and 13 on other vertices are (1 +
𝛾(0)) ∗ (𝛿𝑖2𝑖(0)(𝑣) + 𝛿𝑖2𝑜(0)(𝑣)) + 𝛿𝑜2𝑖(0)(𝑣) + 𝛿𝑜2𝑜(0)(𝑣) , and 

the dependencies of 11, 12 and 13 on 0 are 𝛾(0) ∗ (𝛿𝑖2𝑖(0)(0) +

𝛿𝑖2𝑜(0)(0)). 

3.1.3 New Algorithm 

APGRE leverages articulation points to reduce redundant compu-
tations. It uses the four types of dependency to calculate the BC 
scores of sub-graphs, and reuse the results of those already visited 
sub-DAGs when computing the BC scores for vertices different 
from the one currently processed. 

Figure5 shows the pseudocode of APGRE algorithm, which 
includes three steps: 1.decomposing an unweighted graph through 
articulation points (in line 1 in Figure5); 2.counting the size of a 
common sub-DAG and the number of DAGs that contain this sub-
DAG (loop in line 2 in Figure5); and 3.calculating the BC scores 
for each sub-graph using four types of dependency in Equation 3-
6 and the contribution to BC in Equation 7-8 (loop in line 5 in 
Figure5). As the sub-graphs are independent, the APGRE algo-
rithm has two-level parallelism on a shared memory platform, i.e., 
coarse-grained asynchronous parallelism among sub-graphs (loop 
in line 5 in Figure5) and fine-grained synchronous parallelism 
among vertices inside one sub-graph (loop in line 6 in Figure5). 

3.2 Correctness of APGRE 

In this section, we state the main correctness results of the new 
algorithm APGRE. Theorem 1 is a new BC definition on a de-
composed graph, requiring O(|V|3) time. Theorem 2 is new com-
putation equations, which are four types of dependency, requiring 
O(|V||E|) time. Theorem 3 is an equation of the contribution to BC 
scores and is used to reduce total redundancies. 

THEOREM 1 (The BC score of a vertex in a decomposed graph).  
In an unweighted graph decomposed by articulation points, define 
the BC score of a vertex v in sub-graph SGi(V, E, A) as, for 
𝑠, 𝑣, 𝑡, 𝑎 ∈ 𝑆𝐺𝑖,  𝑎, 𝑎𝑗, 𝑎𝑘 ∈ Asgi, 

BCSGi (𝑣) =   ∑
σst(𝑣)

𝜎𝑠𝑡
𝑠≠𝑣≠𝑡   + ∑

σs,a(𝑣)

𝜎𝑠,𝑎
∗ 𝛼𝑆𝐺𝑖(𝑎)𝑠≠𝑣≠𝑎 +

∑
σa, t(𝑣)

𝜎𝑎,𝑡
∗ 𝛽

𝑆𝐺𝑖
(𝑎) 𝑎≠𝑣≠𝑡 + ∑

σaj, ak(𝑣)

𝜎𝑎𝑗,𝑎𝑘
∗ 𝛽

𝑆𝐺𝑖
(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘)𝑎𝑗≠𝑣≠𝑎𝑘   

The betweenness centrality of a vertex v can be then expressed 
as follows: 

𝐵𝐶(𝑣) = ∑ BCSGi (𝑣)𝑆𝐺𝑖∈𝑆𝑒𝑡(𝑆𝐺)   

Due to lack of space, the proofs are presented in appendix. 
 

THEOREM 2 (The dependency of a decomposed graph).  In an 
unweighted graph decomposed by articulation points, the BC 
score of a vertex v in sub-graph SGi can be expressed as follows: 

BCSGi (𝑣) = ∑ (𝛿𝑖2𝑖(𝑠)(𝑣) + 𝛿𝑖2𝑜(𝑠)(𝑣) + 𝛿𝑜2𝑖(𝑠)(𝑣) + 𝛿𝑜2𝑜(𝑠)(𝑣))

𝑠≠𝑣∈𝑆𝐺𝑖

 

The four types of the dependency obey recursive relations in 
equations (3), (4), (5) and (6). 
PROOF. Given pairwise distances and the shortest paths counts, 

the pair-dependency is 𝛿𝑠𝑡(𝑣) =
σst(𝑣)

𝜎𝑠𝑡
 , 𝛿𝑠𝑡(𝑣) > 0 only for those 

𝑡 ∈ 𝑉 for which v lies on at least one shortest path from s to t; and 

for two ends of shortest paths, 𝛿𝑠𝑡(𝑠)  and 𝛿𝑠𝑡(𝑡) are zero. 

𝛿𝑠𝑡(𝑣, 𝑒) =
σst(𝑣,𝑒)

𝜎𝑠𝑡
, 𝑣 ∈ 𝑉 and 𝑒 ∈ 𝐸, σst(𝑣, 𝑒) is the number of the 

shortest paths from s to t that contain both v and e. 

Let w be any vertex with 𝑣 ∈ 𝑃𝑠(𝑤), Ps(w) is a list of immedi-

ate predecessors of w on the shortest paths from s to w . Of the 

shortest paths σsw from s to w, σsv many first go from s to v and 

then use v->w. Consequently, 
σ𝑠𝑣

𝜎𝑠𝑤
∗ σst(𝑤) the shortest paths from 

s to some 𝑡 ≠ 𝑤  contain v and v->w, that is, σst(𝑣, 𝑣 → 𝑤) =

 
σ𝑠𝑣

𝜎𝑠𝑤
∗ σst(𝑤) and σsw(𝑣, 𝑣 → 𝑤) =  σsv  . It follows that the pair-

dependency of s and t on v and v->w is 

Input: G(V,E) 

Output: bc[] 

1. decompose G to obtain set(SG), Rsgi , 𝛾𝑆𝐺𝑖(𝑣) 

2. foreach a ∈ A { 

3.     compute 𝛼𝑆𝐺𝑖(𝑎), 𝛽𝑆𝐺𝑖(𝑎)  

4. }  

5. foreach sgi ∈ set(SG) { 

6.     foreach 𝑠 ∈ Rsgi { 

7.         forall  𝑣 ∈ sgi         // Initialize  

8.             Initialize 𝜎𝑠𝑡(𝑣),𝑃𝑠(𝑣), 𝛿𝑖2𝑖(𝑠)(𝑣), 𝛿𝑖2𝑜(𝑠)(𝑣),  

9.                    𝛿𝑜2𝑖(𝑠)(𝑣), 𝛿𝑜2𝑜(𝑠)(𝑣) 

10.         forall 𝑣 ∈ sgi        //Construct shortest-path DAG 

11.             compute  𝜎𝑠𝑡(𝑣)  and 𝑃𝑠(𝑣) 

12.         forall 𝑣 ∈  Ds          // Traverse DAG backward 

13.             compute  𝛿𝑖2𝑖(𝑠)(𝑣), 𝛿𝑖2𝑜(𝑠)(𝑣),  

14.                             𝛿𝑜2𝑖(𝑠)(𝑣), 𝛿𝑜2𝑜(𝑠)(𝑣) 

15.             if v ≠ s then 

16.                 bc[v] += (1 + 𝛾(𝑠)) ∗ (𝛿𝑖2𝑖(𝑠)(𝑣) + 𝛿𝑖2𝑜(𝑠)(𝑣))   
17.                                 +𝛿𝑜2𝑖(𝑠)(𝑣) + 𝛿𝑜2𝑜(𝑠)(𝑣) 
18.             else 

19.                 bc[v] += 𝛾(𝑠) ∗ (𝛿𝑖2𝑖(𝑠)(𝑣) + 𝛿𝑖2𝑜(𝑠)(𝑣)) 

20.     } 

21. } 

Figure 5. Pseudocode for APGRE algorithm 



 
Inserting this into the below equations, 

1. in2in, 𝑠, 𝑣, 𝑡 ∈ 𝑆𝐺i. For two ends of the shortest paths, 𝛿𝑠𝑡(𝑠) 

and 𝛿𝑠𝑡(𝑡) are zero. The in2in dependency of s on any v in 

SGi is 

𝛿𝑖2𝑖(𝑠)(𝑣) = ∑
σst(𝑣)

𝜎𝑠𝑡
𝑡∈𝑆𝐺𝑖

 = ∑ 𝛿𝑠𝑡(𝑣)

𝑡∈𝑆𝐺𝑖

 

=  ∑   ∑ 𝛿𝑠𝑡(𝑣, 𝑣 → 𝑤 )

w: v∈𝑃𝑠(𝑤)𝑡∈𝑆𝐺𝑖

 

=  ∑   ∑ 𝛿𝑠𝑡(𝑣, 𝑣 → 𝑤 )

𝑡∈𝑆𝐺𝑖w: v∈𝑃𝑠(𝑤)

 

=  ∑ (  
𝜎𝑠𝑣

𝜎𝑠𝑤

+ ∑
σ𝑠𝑣

𝜎𝑠𝑤

∗
σ𝑠𝑡(𝑤)

𝜎𝑠𝑡

  

𝑡≠𝑤∈𝑆𝐺𝑖

)

w: v∈𝑃𝑠(𝑤)

 

=  ∑  
𝜎𝑠𝑣

𝜎𝑠𝑤

∗ (1 + 𝛿𝑖2𝑖(𝑠)(𝑤))

w: v∈𝑃𝑠(𝑤)

 

 
2. in2out, 𝑠, 𝑣 ∈ 𝑆𝐺i, 𝑡 ∉ 𝑆𝐺𝑖, then the paths from v to t must 

contain an articulation point a which connects SGi to t. Due 

to 𝑠 ∈ 𝑆𝐺i and 𝑡 ∉ 𝑆𝐺𝑖 , 𝛿𝑠𝑡(𝑠) = 0, 𝛿𝑠𝑡(𝑎) =1 and 𝛿𝑠(𝑎) =
 𝛼𝑆𝐺𝑖(𝑎). The in2out dependency of s on any v in SGi is 

𝛿𝑖2𝑜(𝑠)(𝑣) =  ∑
σ𝑠𝑎(𝑣)

𝜎𝑠𝑎

∗

𝑎∈A𝑠𝑔𝑖

𝛼𝑆𝐺𝑖(𝑎) 

= 𝛼𝑆𝐺𝑖(𝑎) + ∑ 𝛿𝑠𝑎(𝑣) ∗ 𝛼𝑆𝐺𝑖(𝑎)

𝑎≠𝑣,𝑎∈A𝑠𝑔𝑖

 

= 𝛼𝑆𝐺𝑖(𝑎) + ∑   ∑ 𝛿𝑠,𝑎(𝑣, 𝑣 → 𝑤 ) ∗ 𝛼𝑆𝐺𝑖(𝑎)

w: v∈𝑃𝑠(𝑤)𝑎≠𝑣,𝑎∈A𝑠𝑔𝑖

 

=  𝛼𝑆𝐺𝑖(𝑎) + ∑  ∑
σ𝑠𝑣

𝜎𝑠𝑤

∗
σ𝑠,𝑎(𝑤)

𝜎𝑠,𝑎

 ∗ 𝛼𝑆𝐺𝑖(𝑎)

𝑎≠𝑣,𝑎∈A𝑠𝑔𝑖w: v∈𝑃𝑠(𝑤)

 

= 𝛼𝑆𝐺𝑖(𝑎) + ∑  
σ𝑠𝑣

𝜎𝑠𝑤

∗ ∑
σ𝑠,𝑎(𝑤)

𝜎𝑠,𝑎

 ∗ 𝛼𝑆𝐺𝑖(𝑎)

𝑎∈A𝑠𝑔𝑖w: v∈𝑃𝑠(𝑤)

 

= 𝛼𝑆𝐺𝑖(𝑎) + ∑  
σ𝑠𝑣

𝜎𝑠𝑤

∗ ∑
σ𝑠,𝑎(𝑤)

𝜎𝑠,𝑎

 ∗ 𝛼𝑆𝐺𝑖(𝑎)

𝑎∈A𝑠𝑔𝑖w: v∈𝑃𝑠(𝑤)

+ ∑  
σ𝑠𝑣

𝜎𝑠𝑤

∗ ∑
σ𝑠,𝑡(𝑤)

𝜎𝑠,𝑡

 ∗ 0

𝑡∉A𝑠𝑔𝑖w: v∈𝑃𝑠(𝑤)

 

This can deduce that 𝛿𝑖2𝑜(𝑠)(𝑣) satisfies the following recur-

sive relation, 

 
3. out2in, 𝑣, 𝑡 ∈ 𝑆𝐺i, 𝑠 ∉ 𝑆𝐺𝑖, then the paths from s to v must 

contain an articulation point a which connects s to SGi. As 

𝛿𝑠𝑡(𝑎) has computed in 𝛿𝑖2𝑜(𝑠)(𝑎), 𝛿𝑠𝑡(𝑡)and 𝛿𝑠𝑡(𝑎) are zero. 

The out2in dependency of s on any v in SGi is 

𝛿𝑜2𝑖(𝑎)(𝑣) = ∑
𝜎𝑎𝑡(𝑣)

𝜎𝑎𝑡

∗ 𝛽𝑆𝐺𝑖(𝑎)

𝑡∈𝑆𝐺𝑖

 

=  ∑ 𝛿𝑎𝑡(𝑣) ∗ 𝛽𝑆𝐺𝑖(𝑎)

𝑡∈𝑆𝐺𝑖

 

=  ∑   ∑ 𝛿𝑎𝑡(𝑣, 𝑣 → 𝑤 ) ∗ 𝛽𝑆𝐺𝑖(𝑎)

w: v∈𝑃𝑎(𝑤)𝑡∈𝑆𝐺𝑖

 

=  ∑   ∑ 𝛿𝑎𝑡(𝑣, 𝑣 → 𝑤 ) ∗ 𝛽𝑆𝐺𝑖(𝑎)

𝑡∈𝑆𝐺𝑖w: v∈𝑃𝑎(𝑤)

 

=  ∑ (  
𝜎𝑎𝑣

𝜎𝑎𝑤

+ ∑
σ𝑎𝑣

𝜎𝑎𝑤

∗
σ𝑎𝑡(𝑤)

𝜎𝑎𝑡

  

𝑡≠𝑤∈𝑆𝐺𝑖

) ∗ 𝛽𝑆𝐺𝑖(𝑎)

w: v∈𝑃𝑎(𝑤)

 

=  ∑  
𝜎𝑎𝑣

𝜎𝑎𝑤

∗ (1 + 𝛿𝑖2𝑖(𝑎)(𝑤))

w: v∈𝑃𝑎(𝑤)

∗ 𝛽𝑆𝐺𝑖(𝑎) 

= 𝛿𝑖2𝑖(𝑎)(𝑣) ∗ 𝛽𝑆𝐺𝑖(𝑎) 

If s ∉ A𝑠𝑔𝑖, 𝛿𝑜2𝑖(𝑠)(𝑣) is zero. 

 
4. out2out, 𝑣 ∈ 𝑆𝐺i, 𝑠, 𝑡 ∉ 𝑆𝐺𝑖, they are in three different sub-

graphs, and must be connected by two articulation points aj 

and ak in SGi.  v is in SGi, s in SGj, and t in SGk. 𝛿𝑠𝑡(𝑎𝑗) is 

zero, 𝛿𝑠𝑡(𝑎𝑘) = 𝛽
𝑆𝐺𝑖

(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘). The out2out dependency 

of s on any v in SGi is 

𝛿𝑜2𝑜(𝑎𝑗)(𝑣) = ∑
σaj, ak(𝑣)

𝜎𝑎𝑗,𝑎𝑘

∗ 𝛽
𝑆𝐺𝑖

(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘)

𝑎𝑘∈A𝑠𝑔𝑖

 

= 𝛽
𝑆𝐺𝑖

(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘) + ∑ 𝛿𝑎𝑗,𝑎𝑘(𝑣) ∗ 𝛽
𝑆𝐺𝑖

(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘)

𝑎𝑘≠𝑣,𝑎𝑘∈A𝑠𝑔𝑖

 

= 𝛽
𝑆𝐺𝑖

(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘) + ∑ ∑ 𝛿𝑎𝑗,𝑎𝑘(𝑣, 𝑣 → 𝑤 )𝛽
𝑆𝐺𝑖

(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘)

w: v∈𝑃𝑠(𝑤)𝑎𝑘≠𝑣,𝑎𝑘∈A𝑠𝑔𝑖

 

=  𝛽
𝑆𝐺𝑖

(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖
(𝑎𝑘) + ∑ ∑

σ𝑎𝑗,𝑣

𝜎𝑎𝑗,𝑤

σ𝑎𝑗,𝑎𝑘(𝑤)

𝜎𝑎𝑗,𝑎𝑘

 𝛽
𝑆𝐺𝑖

(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘)

𝑎𝑘≠𝑣,𝑎𝑘∈A𝑠𝑔𝑖w: v∈𝑃𝑎𝑗(𝑤)

 

= 𝛽
𝑆𝐺𝑖

(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘) + ∑
σ𝑎𝑗,𝑣

𝜎𝑎𝑗,𝑤

∗ ∑
σ𝑎𝑗,𝑎𝑘(𝑤)

𝜎𝑎𝑗,𝑎𝑘

𝛽
𝑆𝐺𝑖

(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘)

𝑎𝑘∈A𝑠𝑔𝑖w: v∈𝑃𝑎𝑗(𝑤)

 

= 𝛽
𝑆𝐺𝑖

(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘) + ∑
σ𝑎𝑗,𝑣

𝜎𝑎𝑗,𝑤

∗ ∑
σ𝑎𝑗,𝑎𝑘(𝑤)

𝜎𝑎𝑗,𝑎𝑘

𝛽
𝑆𝐺𝑖

(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘)

𝑎𝑘∈A𝑠𝑔𝑖w: v∈𝑃𝑎𝑗(𝑤)

+ ∑
σ𝑎𝑗,𝑣

𝜎𝑎𝑗,𝑤

∗ ∑
σ𝑎𝑗,𝑡(𝑤)

𝜎𝑎𝑗,𝑡

∗ 0

𝑡∉A𝑠𝑔𝑖w: v∈𝑃𝑎𝑗(𝑤)

 

 

From this we can deduce that 𝛿𝑜2𝑜(𝑠)(𝑣) satisfies the following 

recursive relation, 
 

 
Now, we can use these equations and Theorem1 to calculate 

the BC scores of SGi, 

BCSGi (𝑣) =   ∑
σst(𝑣)

𝜎𝑠𝑡
𝑠≠𝑣≠𝑡   + ∑

σs,a(𝑣)

𝜎𝑠,𝑎
∗ 𝛼𝑆𝐺𝑖(𝑎)𝑠≠𝑣≠𝑎 +

∑
σa, t(𝑣)

𝜎𝑎,𝑡
∗ 𝛽

𝑆𝐺𝑖
(𝑎) 𝑎≠𝑣≠𝑡 + ∑

σaj, ak(𝑣)

𝜎𝑎𝑗,𝑎𝑘
∗ 𝛽

𝑆𝐺𝑖
(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘)𝑎𝑗≠𝑣≠𝑎𝑘   

= ∑ (𝛿𝑖2𝑖(𝑠)(𝑣) + 𝛿𝑖2𝑜(𝑠)(𝑣) + 𝛿𝑜2𝑖(𝑠)(𝑣) + 𝛿𝑜2𝑜(𝑠)(𝑣))𝑠≠𝑣∈𝑆𝐺𝑖   

□ 
 

THEOREM 3   In an unweighted graph decomposed by articulation 
points, the BC score of a vertex v in sub-graph SGi can be ex-
pressed as follows: 

 σ𝑠𝑣

𝜎𝑠𝑤
                   if  𝑡 = 𝑤 

 

 
σ𝑠𝑣

𝜎𝑠𝑤
∗

σ𝑠𝑡(𝑤)

𝜎𝑠𝑡
        if  t ≠ 𝑤 

𝛿𝑠𝑡(𝑣, 𝑣 → 𝑤) =
σst(𝑣, 𝑣 → 𝑤)

𝜎𝑠𝑡

= 

 

𝛿𝑖2𝑜(𝑠)(𝑣) =                                                                                   
 𝛿𝑖2𝑜(𝑠)

𝑖𝑛𝑖𝑡 (𝑣) + ∑
σsv

𝜎𝑠𝑤
∗ 𝛿𝑖2𝑜(𝑠)(𝑤)w: v∈𝑃𝑠(𝑤)   if 𝑠𝑢𝑐𝑐𝑠(𝑣) ≠ ∅ 

𝛿𝑖2𝑜(𝑠)
𝑖𝑛𝑖𝑡 (𝑣)                                               if 𝑠𝑢𝑐𝑐𝑠(𝑣) = ∅ 

 

𝛿𝑖2𝑜(𝑠)
𝑖𝑛𝑖𝑡 (𝑣) =                                                                             

 

𝛼𝑆𝐺𝑖(𝑣)              if  𝑣 ∈ A𝑠𝑔𝑖  

0                        if  𝑣 ∉ A𝑠𝑔𝑖  

 

𝛿𝑜2𝑜(𝑠)
𝑖𝑛𝑖𝑡 (𝑣) =                                                                             

 

𝛽𝑆𝐺𝑖(𝑠) ∗ 𝛼𝑆𝐺𝑖(𝑣)          if  s ≠ 𝑣 ∈ A𝑠𝑔𝑖  

0                                    if  𝑣 ∉ A𝑠𝑔𝑖 

 
𝛿𝑜2𝑜(𝑠)(𝑣) =                                                                                    
 

𝛿𝑜2𝑜(𝑠)
𝑖𝑛𝑖𝑡 (𝑣) + ∑

σsv

𝜎𝑠𝑤
∗ 𝛿𝑜2𝑜(𝑠)(𝑤)w: v∈𝑃𝑠(𝑤)   if s ∈ A𝑠𝑔𝑖 and 𝑠𝑢𝑐𝑐𝑠(𝑣) ≠ ∅ 

0                                                         if s ∉ A𝑠𝑔𝑖 

𝛿𝑜2𝑜(𝑠)
𝑖𝑛𝑖𝑡 (𝑣)                                          if s ∈ A𝑠𝑔𝑖 and 𝑠𝑢𝑐𝑐𝑠(𝑣) = ∅  



BCSGi (𝑣) = ∑ ((1 + 𝛾(𝑠)) ∗ (𝛿𝑖2𝑖(𝑠)(𝑣) + 𝛿𝑖2𝑜(𝑠)(𝑣)) + 𝛿𝑜2𝑖(𝑠)(𝑣) + 𝛿𝑜2𝑜(𝑠)(𝑣)) 

𝑠≠𝑣,𝑠∈𝑅𝑠𝑔𝑖

+ ∑  𝛾(𝑠) ∗ (𝛿𝑖2𝑖(𝑠)(𝑣) + 𝛿𝑖2𝑜(𝑠)(𝑣)) 

𝑠=𝑣,𝑠∈𝑅𝑠𝑔𝑖

 

PROOF.  Let vertex u be a vertex with no incoming edges and a 

single outgoing edge, there is the edge u->s, then the DAG Ds 

rooted at s is the sub-DAG of DAG Du rooted at u. And then if u ≠ 

s ≠ v, 𝛿𝑢(𝑣)= 𝛿𝑠(𝑣); if u ≠ s = v, 𝛿𝑢(𝑠)= 𝛿𝑠(𝑠), where 𝛿𝑠(𝑠) is the 

sum of s’ successors. Consequently, when traversing Ds, we can 

obtain 𝛿𝑢(𝑣) and 𝛿𝑠(𝑣) at the same time. 𝛾𝑆𝐺𝑖(𝑠) is the number of 

u. As u is not an articulation point, u has 𝛿𝑖2𝑖(𝑢) and 𝛿𝑖2𝑜(𝑢), and 

𝛾𝑆𝐺𝑖(𝑠) can be applied to 𝛿𝑖2𝑖(𝑠) and 𝛿𝑖2𝑜(𝑠). 

□ 

4. Implementation 

The articulation-point-guided redundancy elimination (APGRE) 
for BC algorithm leverages the articulation points and reuses the 
results of the common sub-DAGs in calculating the BC scores, 
which eliminates redundant computations. As the sub-graphs are 
independent, we implement the APGRE algorithm using two-level 
parallelism on a shared memory platform, i.e., coarse-grained 
asynchronous parallelism among sub-graphs and fine-grained 
synchronous parallelism among vertices inside one sub-graph.  

The pseudocode for APGRE algorithm is shown in Figure5. 

APGRE includes three steps, decomposing an unweighted graph 

through articulation points, counting 𝛼𝑆𝐺𝑖(𝑎) and 𝛽𝑆𝐺𝑖(𝑎) for each 

articulation points and calculating the BC scores for each sub-

graph using the four types of dependency in Equation 3-6 and the 

merging Equation 7-8. The first step uses Tarjan’s algorithm in 

O(|V|+|E|) time to find all articulation points. The second step uses 

parallel BFS to count  𝛼𝑆𝐺𝑖(𝑎) and 𝛽𝑆𝐺𝑖(𝑎) for each articulation 

points. For unweighted graphs, 𝛼𝑆𝐺𝑖(𝑎) is the number of vertices 

which a can reach without passing through SGi in G, and can be 

obtained by BFS; 𝛽𝑆𝐺𝑖(𝑎)  is the number of vertices which can 

reach a (or which a is reachable from) without passing through 

SGi in G, and can be obtained by reverse BFS from a. The third 

step uses the four types of dependency to compute BC scores in 

O(|topSG’V||topSG’E|) time by using two-level parallelism.   

Algorithm 1 shows graph partition through articulation points. 

This partition should effectively recognize common sub-DAGs, 

merge small adjacent sub-graphs for large granularity, and mini-

mize the amount of articulation points. GraphPartition finds all 

articulation points and all biconnected components (BCC) in a 

given graph, and then begins to build sub-graphs starting from the 

maximal biconnected component, called topBCC. FINDBCC() 

function on Line2 finds all biconnected components and all articu-

lation points using Tarjan’s algorithm [32], requiring O(|V|+|E|) 

time. The graph is decomposed into a tree of biconnected compo-

nents. Sub-graph construction uses depth-first search starting from 

topBCC (Line 4 ~Line 24 in Algorithm 1). If the size of a BCC is 

less than a threshold, and its father BCC is not topBCC, it is 

merged into its father BCC. If a BCC has only two vertices, and 

its father BCC is topBCC, it is merged into its father BCC. Oth-

erwise, the BCC is built into a sub-graph. BUILDSUBGRAPH() 

function in Line24 will set 𝛾𝑆𝐺𝑖[] and 𝑅𝑆𝐺𝑖 []. If a vertex has a 

single outgoing edge and no incoming edges, it’s removed from 

𝑅𝑆𝐺𝑖[], and its neighbor’s 𝛾𝑆𝐺𝑖[] is increased by one. 

Algorithm 2 and Figure4 shows the calculation of BC scores 

for a sub-graph with fine-grained synchronous parallelism. For 

each vertex v in sub-graph SGi, we maintain a number of variables: 

 dist[v], the shortest path distance from root s 

 𝜎[𝑣], the number of shortest paths from root s 

Algorithm 1. GRAPHPARTITION(G) ---- graph decomposed by 

articulation points 

Input: G(V, E) 

Output: gG(set(SG)) 

1.   undirectedG = GETUNDG( G)   

2.   myBCC = FINDBCC(undirectedG) //find biconnected components 

3.    

4.   visited[] = {-1, …, -1} 

5.   visited[topBcc] = 1 

6.   PUSH(Stack, topBcc) 

7.   while Stack != empty do 

8.     TOP(Stack, currBcc) 

9.     flag = 0 

10.     for all neighbor nextBcc of currBcc do 

11.       if visited[nextBcc] == -1 then 

12.         PUSH(Stack, nextBcc) 

13.         visited[nextBcc] = 1 

14.         flag = 1 

15.         break 

16.     if flag == 0 then 

17.       POP( Stack, currBcc) 

18.       TOP( Stack, prevBcc) 

19.       if prevBcc != topBcc && SIZE(currBcc) < THREHOLD 

then 
20.         VSet[prevBcc] += VSet[currBcc] 

21.       else if prevBcc == topBcc && SIZE(currBcc) <= 2 then 

22.         VSet[prevBcc] += VSet[currBcc] 

23.       else  

24.         BUILDSUBGRAPH(currBcc,G,gG) //set 𝛾𝑆𝐺𝑖[] and 𝑅𝑆𝐺𝑖[] 

25.  
26.   //last sub-graph for unconnected vertexes  

27.   sgVSet = NULL 

28.   for all i ∈ all Bcc do 

29.     if visited[i] == -1 then 

30.       sgVSet + = VSet[i] 

31.   if sgVSet != NULL then 

32.     BUILDSUBGRAPH(sgVSet, G, gG) 

33.   return gG 

 

 𝛿𝑖2𝑖(𝑠)(𝑣), the in2in dependency of root s on any a vertex v  

 𝛿𝑖2𝑜(𝑠)(𝑣), the in2out dependency of root s on any a vertex v 

 𝛿𝑜2𝑖(𝑠)(𝑣), the out2in dependency of root s on any a vertex v 

 𝛿𝑜2𝑜(𝑠)(𝑣), the out2out dependency of root s on any a vertex v  

 𝛾𝑆𝐺𝑖[𝑠], the number of total redundant DAGs 
Algorithm 2 includes the following three phases. 
1) Initializing these dependencies (Line 10 ~ Line 18 in Algo-

rithm 2):  when source vertex s is an articulation point, set sizeO2I 

as 𝛽𝑆𝐺𝑖[𝑠], and set all articulation points’ 𝛿𝑜2𝑜(𝑠)[i] as 𝛽𝑆𝐺𝑖[𝑠]* 

𝛼𝑆𝐺𝑖[𝑖] . For any source vertex s, set all articulation points’ 

𝛿𝑖2𝑜(𝑠)[𝑖] as 𝛼𝑆𝐺𝑖[𝑖] and set all vertices’ 𝛿𝑖2𝑖(𝑠)[] as zero. 

2) Computing the shortest paths (Line 20 ~ Line 33 in Algo-
rithm 2):  counting 𝜎[] and dist[] use a forward BFS from a source 
vertex s. All vertices at level i are processed in parallel, and Lev-
els[] is a buckets to save the vertices of each level. 

3) Accumulating dependencies and contributing to BC scores 
(Line 35 ~ Line 49 in Algorithm 2):  we use successor method to 
parallelize this phase, which accumulates these dependencies of 
vertices within level i and updates the BC scores of vertices with-
in level i in parallel. The four dependencies are calculated by new 
computation equations in section 3.1.1, and the contribution to BC 
scores is used by merge equation in section 3.1.2. 

 



Algorithm 2: BCinSG(sgid, gG) ---- BC calculation in a sub-graph 

Input: sgid, gG(set(SG)) 

Output: 𝑏𝑐𝑆𝐺𝑖[] 

1.   𝑏𝑐𝑆𝐺𝑖[] = {0.0, …, 0.0}  

2.   for all s ∈  𝑅𝑆𝐺𝑖 do 

3.     // clean 

4.     𝜎[] = {0, …, 0}  

5.     𝛿𝑖2𝑖[] = {0, …, 0} 

6.     𝛿𝑖2𝑜[] = {0, …, 0}  

7.     𝛿𝑜2𝑜[] = {0, …, 0} 

8.     dist[] = {-1, …, -1}  

9.     levels[] = empty multiset 

10. Phase0: initialize these dependencies  

11.     sizeO2I = 0 

12.     if s == Articulation-point then 

13.       sizeO2I = 𝛽𝑆𝐺𝑖[s] 

14.       for all i ∈ 𝐴𝑆𝐺𝑖 && i != s do  

15.         𝛿𝑜2𝑜[i] = 𝛽𝑆𝐺𝑖[s] * 𝛼𝑆𝐺𝑖[i]  

16.     for all i ∈ 𝐴𝑆𝐺𝑖 && i != s do 

17.       𝛿𝑖2𝑜[i] = 𝛼𝑆𝐺𝑖[i] 
18.  

19. Phase1: compute the number of shortest paths in the forward traversal 

20.     𝜎[s] = 1 

21.     dist[s] = 0 

22.     currLevel = 0 

23.     PUSH(Levels[currLevel], s) 

24.     while SIZE(Levels[currLevel]) != 0 do 

25.       for all v ∈ Levels[currLevel] in parallel do 

26.         for all neighbor w of v in parallel do 

27.           if dist[w] < 0 then 

28.             PUSH(Levels[currLevel + 1], w) 

29.             dist[w] = dist[v] + 1 

30.           if dist[w] == dist[v] + 1 then 

31.             𝜎[w] += 𝜎[v] 

32.         currLevel = currLevel + 1 

33.  
34. Phase2: accumulate dependency and bc in the backward traversal 

35.     currLevel = currLevel -1 

36.     while currLevel >= 0 do 

37.       for all v ∈ Levels[currLevel] in parallel do 

38.         for all neighbor w of v do 

39.           if dist[w] == dist[v] + 1 then 

40.             𝛿𝑖2𝑖[v] += 
σ[v]

σ[w]
 * ( 1 + 𝛿𝑖2𝑖[w]) 

41.             𝛿𝑖2𝑜[v] += 
σ[v]

σ[w]
 * 𝛿𝑖2𝑜[w] 

42.             𝛿𝑜2𝑜[v] += 
σ[v]

σ[w]
 * 𝛿𝑜2𝑜[w] 

43.         if v != s then 

44.           𝑏𝑐𝑆𝐺𝑖[v] += (1+𝛾𝑆𝐺𝑖[s]) * (𝛿𝑖2𝑖[v] + 𝛿𝑖2𝑜[v])  

45.                                + sizeO2I*𝛿𝑖2𝑖[v]+ 𝛿𝑜2𝑜[v] 

46.        else 

47.           𝑏𝑐𝑆𝐺𝑖[v] += 𝛾𝑆𝐺𝑖[s] * (𝛿𝑖2𝑖[v] + 𝛿𝑖2𝑜[v]) 

48.       currLevel = currLevel – 1 

49.  

50.   return 𝑏𝑐𝑆𝐺𝑖[] 

 

5. Experimental Evaluation 

In this section, we compared the performance of our APGRE 
algorithm against a number of BC algorithms for unweighted 
graphs on multi-core machines. 

5.1 Experimental Methodology 

Our algorithm is implemented in C++ and CilkPlus, and the 
graphs are stored in Compressed Sparse Row (CSR) format. We 
compared its performance against a number of publicly available 
versions of BC algorithms for unweighted graphs. The compiler 
used was GCC 4.8.1. We report results from two multicore server 
systems, a 6-core 2.4GHz Intel Xeon E5645 with 12 hyper threads 
processor and 32GB of DRAM, and a four 8-core 2.13GHz Intel 
Xeon E7-8830 processors with 256GB memory. The 6-core sys-
tem is used for most of the evaluation. And the four 8-core system 
is used to evaluate the parallel scalability of our approach up to 32 
threads.  

Table1 summarizes the graph inputs we used. These graphs 
were taken from the Stanford Network Analysis Platform (SNAP) 
[36], the DIMACS shortest paths challenge [18], and a variety of 
web crawls [17]. These benchmarks are real-world instances of 
graphs that correspond to a wide variety of practical applications 
and network structures. 

We evaluated a number of BC algorithms for unweighted 
graphs. We describe each of them and give details about the paral-
lelization strategy as below. 
 APGRE   Our algorithm is a two-level parallelization, a sub-

graph-level asynchronous among sub-graphs, and a fine-grained 
level synchronous in a sub-graph. The implementation uses 
cilk_for to parallelize the loop of a sub-graph-level and uses 
reduction bag [40] to parallelize BFS in a sub-graph. 

 preds/preds-serial  This algorithm is a fine-grained level-
synchronous parallelization presented in [12]. The implementa-
tion is part of the SSCA v2.2 benchmark. It also serves as the 
serial baseline that we compare all algorithms against. 

 succs  This algorithm uses successors instead of predecessors to 
eliminate locks of the second phase. It is a fine-grained, level 
synchronous parallelization presented in [13].  

 lockSyncFree   This algorithm is a fine-grained parallel ap-
proach without lock synchronization[14]. The implementation 
uses OpenMP directives to parallelize the loops. 

 async  This algorithm is a fine-grained asynchronous parallel-
ization presented in [11]. The algorithm is implemented in the 
Galois system and is able to extract large amounts of parallelism. 
This version only deals with undirected graphs. 

 hybrid  This algorithms is a fine-grained level synchronous 
parallelization presented in [25], and use a hybrid BFS which 
combines a top-down algorithm along with a bottom-up algo-
rithm to reduce the number of edges examined. This algorithm is 
implemented in Ligra system. 

To benchmark performance, we present the running time and 

the search rate (or the traversal rate) in Millions of Edges Trav-

ersed per Second (MTEPS) of all algorithms. For the exact com-

putation of betweenness centrality, the number of TEPS has been 

defined as [35], TEPSBC =  
𝑛𝑚

𝑡
. In this equation, n is the number 

of vertices, m is the number of edges, and t is execution time of 

the BC computation. 

5.2 Algorithm Efficiency 

We present the running time of all algorithms for the exact BC 
computation in Table2, the speedup in Figure6 and the search rate 
MTEPS in Table3. Our APGRE algorithm achieves large 
speedups across all of the graphs：the speedups range from 1.59x 
to 32.83x across a variety of real-world graphs over the best pre-
vious shared memory implementation, with an average speedup of 
4.6x.  

We can see that the APGRE algorithm achieves approximately 

45 ~ 2400 MTEPS for all of these graphs, whereas other algo-



rithms have 8 ~ 400 MTEPS. The TEPS metric is a standardized 

performance metric, and is similar in spirit to measuring MFLOPS 

for optimized matrix multiplication in terms of the classic O(N3) 

algorithm. A sampling approach of BC is the highest published 

performance for GPU [34], and its search rate for single GPU 

have approximately 40 ~ 400 MTEPS for various unweighted 

graphs. Our APGRE algorithm on multicore machines overcomes 

the sampling on GPU. 

5.3 Explaining the Performance Improvement 

The speedup of the APGRE approach demonstrated in Figure6 is 
due to partial and total redundancy elimination (Figure7). Brandes’ 
algorithm constructs DAGs for each vertex, and traverses these 
DAGs in backward (in non-increasing distance order) to accumu-
late the dependency values and update the BC scores. As shown in 

Figure7, partial redundancy coming from common sub-DAGs 
exists the BC calculation of various graphs, e.g., 80% in WikiTalk, 
64% in web-NotrdDame, 49% in dblp-2010, 35% in soc-
Slashdot0811. And total redundancy coming from leaf vertices 
with one-degree exists the BC calculation of these benchmarks 
except soc-Slashdot0811, e.g., 71% in Email-EuAll, 67% in soc-
DouBan, 53% in com-youtube, 31% in Email-Enron. Even in road 
graphs, whose degree distributions are not power-law distribution, 
there are also redundant computation, e.g., 5% partial redundancy 
and 16% total redundancy in USA-roadNY, 13% partial redun-
dancy and 23% total redundancy in USA-roadBAY. Our APGRE 
can eliminate these partial and total redundant computations to 
accelerate BC calculation. 

APGRE introduces extra computations to eliminate these re-

dundancies; the extra computations include graph partition and 
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serial APGRE preds succs lockSyncFree async hybrid

34.17 18.35 

Figure 6.  Speedups on the 12 threads relative to serial.  

Table 2.  Performance in execution time (second) on 12-threads 

Graph serial APGRE preds succs lockSyncFree async hybrid 
Email-Enron 130 46 133 102 180 84 100 

Email-EuAll 1826 53 844 1203 1145 - 1501 

Slashdot0811 846 246 587 496 - - 348 

soc-DouBan 1993 182 1458 1434 2430 - 979 

WikiTalk 90496 4931 32298 - 29527 - 281931 

dblp-2010 8015 988 5518 3261 7136 - 5948 

com-youtube 219925 19258 - 108860 - 52261 71747 

NotroDame 1198 291 10237 1347 1606 - 4341 

web-BerkStan 31099 7929 - 17824 38709 - 54839 

web-Google 69744 11883 60856 24856 49729 - 58534 

USA-roadNY 6788 4213 - 5595 - 7159 24164 

USA-roadBAY 10450 4951 - 7284 - 10585 27163 

Average speedup = 

algorithm/serial  
1 8.9x 1.43x 1.68x 1.28x 1.93x 1.2x 

Table 1.  Real-world graphs used for evaluation 

Graph Description #Vertices #Edges Directed 

Email-Enron Enron email network 36,692 367,662 N 

Email-EuAll Email network of a large European Research Institution 265,214 420,045 Y 

Slashdot0811 Slashdot Zoo social network 77,360 905,468 Y 

soc-DouBan DouBan Chinese social network 154,908 654,188 Y 

WikiTalk Communication network of Wikipedia 2,394,385 5,021,410 Y 

dblp-2010 DBLP collaboration network 326,186 1,615,400 Y 

com-youtube Youtube online social network 1,134,890 5,975,248 N 

NotroDame University of Notre Dame web graph 325,729 1,497,134 Y 

web-BerkStan Berkely-Stanford web graph from 2002 685,230 7,600,595 Y 

web-Google Webgraph from the Google programming contest 875,713 5,105,039 Y 

USA-roadNY Road network 264,346 733,846 N 

USA-roadBAY Road network 321,270 800,172 N 



counting 𝛼𝑆𝐺𝑖(𝑎)  and 𝛽𝑆𝐺𝑖(𝑎)  of articulation points. Figure8 is 

execution time breakdown of APGRE, the extra computations 

take 25.7%, 23%, 20.9%, 19.8%, 1.59% and 1.87% of the total 

execution time in com-youtube, dblp-2010, soc-DouBan, web-

NotroName, web-BerkStan, USA-roadNY, respectively, using 12 

threads. The BC calculation of the top sub-graph is the majority of 

the total execution time, because the top sub-graph is larger than 

other sub-graphs (Table 4). 

5.4 Algorithm scalability 

We evaluate the scalability of our APGRE algorithm on the 6-core 
system and the four 8-core system. Our approach observes parallel 
speedup with each additional core (Figure9 and Figur10). Our 
algorithm is a two-level parallelization, a sub-graph-level asyn-
chronous among sub-graphs, and a fine-grained level synchronous 
in a sub-graph. Two-level parallelism makes it possible to extract 
large amounts of parallelism. But in these benchmarks, the scala-
bility of APGRE does come from fine-grained level synchronous 
in the top sub-graph. The top sub-graph is larger than other sub-

graphs (Table 4), and the BC calculation of the top sub-graph is 
the majority of the total execution time (Figure 8). 

Though APGRE is better than the other algorithms on the 6-
core SMT system, Figure 9 shows that it loses the scaling beyond 
6 cores. Our studies indicate that SMT limits performance. When 
we run two threads on two physical cores, 1.62x speedup is ob-
tained over one thread. But when we run two threads on one 
physical core, which uses SMT technique, 1.18x speedup is ob-
tained over one thread. The Linux scheduler will not allocate two 
threads on one physical core unless there is no other physical core 
available. This experiment suggests that SMT limits the perfor-
mance and scalability of the parallel execution of APGRE. And 
on multi-socket systems, many studies show that NUMA architec-
tures and memory system may limit performance of graph appli-
cations [37][38][39][40][41][42][43]. 

6. Related Work 

Parallel algorithms: a number of parallel BC algorithms are 
developed based on Brandes’ algorithm. Bader et al. [12] present 
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Figure 10. Parallel scaling of APGRE on the four 8-core system  

Table 3.  Performance in search rate (MTEPS, Millions of Traversed Edges per Second) on 12-threads 

Graph serial APGRE preds succs lockSyncFree async hybrid 
Email-Enron 103.52  291.02  100.83  131.14  74.85  161.52 134.67  

Email-EuAll 60.99  2084.03  131.92  92.59  97.24   74.19  

Slashdot0811 82.75  284.59  119.23  141.25  -  201.12  

soc-DouBan 50.84  554.25  69.50  70.66  41.69   103.51  

WikiTalk 132.86  2437.89  372.26  - 407.19   42.65  

dblp-2010 65.74  532.92  95.49  161.59  73.84   88.58  

com-youtube 30.83 352.13  - 62.29 - 129.76 94.52 

NotroDame 406.83  1673.36  47.63  361.87  303.59   112.34  

web-BerkStan 167.47  656.81  - 292.20  134.54   94.97  

web-Google 64.10  376.21  73.46  179.85  89.90   76.37  

USA-roadNY 28.58  46.04  - 34.67  - 27.10 8.03  

USA-roadBAY 24.60  51.92  - 35.29  - 24.29 9.46  

Average speedup = 
algorithm/serial  

101.59  778.45  126.29  142.13  152.86  85.67 86.70  



the first parallel implementation for computing BC, which ex-
ploits fine-grained and coarse-grained parallelism. Madduri et al 
[13] use successors instead of predecessors to improve the algo-
rithm. Oded Green et al. [16] use neighbour traversal operations 
instead of ancestor-list data structure to improve the space of the 
algorithm. Tan et al. [14][15] use graph partition approach to 
eliminate access conflicts. Cong et al. [24] perform prefetching 
and appropriate re-layout of the graph nodes to improve locality. 
Prountzos et al. [11] present an asynchronous parallel algorithm 
which can extract large amounts of parallelism through a fast 
global scheduler. They relax the order in computing BC and focus 
on global scheduling on shared-memory multicores. Shun et al. 
[33] use hybrid BFS approach to compute BC, which combine a 
top-down BFS algorithm and a bottom-up BFS algorithm on a 
multi-socket server. McLaughlin et al. [34] present a work-
efficient approach which combines vertex-parallel and edge-
parallel on GPU. Edmonds et al. [22] present a space-efficient 
distributed parallel algorithm for computing BC. This work breaks 
the shortest paths counting into three sub-phases to deal with 
weighted and unweighted graphs. Buluc and Gibert [23] use 
algebraic computation to compute BC and use MPI to exploit 
coarse-grained parallelism. All the works are based on Brandes’ 
algorithm, and have redundancies on real-world graphs.  

Approximation algorithms: a number of approximation algo-
rithms have been proposed [19] [20][21] to reduce the amount of 
computation. They perform the shortest path computations for 
only a subset of vertices. In this paper, we focus on exact algo-
rithms, and present APGRE approach to eliminate partial and total 
redundancy of exact algorithm. 

Graph-parallel processing framework for shared memory: 
a number of graph-parallel processing frameworks have been 
proposed for supporting shared memory [25][26][27][28][37]. In 
our evaluation, async algorithm [11] is implemented in the Galois 
system, and hybrid algorithm [25] is implemented in Ligra system. 

7. Conclusion 

This paper presents a redundancy elimination approach, which 
identifies the common sub-DAGs shared between multiple DAGs 
rooted at different vertices using articulation points and calculates 
the BC scores using four types of dependency, thus our approach 
can reuse the results in traversing the common sub-DAGs and 
eliminate redundant computations.  APGRE uses graph decompo-
sition by articulation points to recognize common sub-DAGs, 
counts the size of common sub-DAGs and the number of DAGs 
that share this common sub-DAG, and calculates the BC scores 
for each sub-graph using four types of dependency. We imple-
mented our approach with two-level parallelism and evaluated our 
approach on a multicore platform, achieving an average speedup 

of 4.6x across a variety of real-world graphs over the best previ-
ous shared memory implementation, with traversal rates up to 45 
~ 2400 MTEPS.  
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Appendix  

PROOF of theorem 1. Shortest paths have two properties: 
 If a vertex 𝑣 ∈ V lies on the shortest path between vertices 

𝑠, 𝑡 ∈ V, then σst(𝑣) =  σsv ∗ σvt .[10] 
 In an unweighted graph, if SGi connects SGj through an artic-

ulation point a, a must lie on all the shortest paths between 
vertices in SGi and vertices in SGj. 

Recall that the betweenness centrality of a vertex v is defined 

as: 𝐵𝐶(𝑣) = ∑
σst(𝑣)

𝜎𝑠𝑡
s≠v≠t∈V . To calculate the BC score of a vertex 

v, the source s and the target t can be categorized into four classes: 

1. in2in, s and t are both in the same sub-graph of  v, and then 

the in2in BC score of vertex v is ∑
σst(𝑣)

𝜎𝑠𝑡
𝑠≠𝑣≠𝑡∈𝑆𝐺𝑖 . 

2. in2out, s is in the same sub-graph of v, but t is not, then the 

paths from v to t must contain an articulation point a which 

connects the sub-graph to t, and then 𝜎𝑠𝑡 =  σ𝑠𝑎 ∗ σ𝑎𝑡  and 

σst(𝑣) =  σ𝑠𝑎(𝑣) ∗ σ𝑎𝑡. And thus 
σst(𝑣)

𝜎𝑠𝑡
=  

σs𝑎(𝑣) ∗ σat

σ𝑠,a  ∗  σa,t
=  

σs,a(𝑣)

σ𝑠,a  
.  

Further for all 𝑡 ∈ (𝐺 − 𝑆𝐺𝑖) which v can reach via a, there are 

∑
σst(𝑣)

𝜎𝑠𝑡
𝑡∈𝐺−𝑆𝐺𝑖 via 𝑎 =   ∑

σs,a(𝑣)

σ𝑠,a  𝑡∈𝐺−𝑆𝐺𝑖 via 𝑎 =  
σs,a(𝑣)

σ𝑠,a  
∗ 𝛼𝑆𝐺𝑖(𝑎)  ; and 

further for all 𝑡 ∈ (𝐺 − 𝑆𝐺𝑖) which v can reach via  𝐴𝑠𝑔𝑖, there are  

∑
σst(𝑣)

𝜎𝑠𝑡
 𝑡∈𝐺−𝑆𝐺𝑖  via 𝐴𝑠𝑔𝑖 =  ∑ ∑

σst(𝑣)

𝜎𝑠𝑡
 𝑡∈𝐺−𝑆𝐺𝑖 via 𝑎 𝑎∈𝐴𝑠𝑔𝑖

 =

∑
σs,a(𝑣)

𝜎𝑠,𝑎
∗ 𝛼𝑆𝐺𝑖(𝑎) 𝑎∈𝐴𝑠𝑔𝑖

. 

Therefore, the in2out BC score of v is computed as follows: 

∑
σst(𝑣)

𝜎𝑠𝑡
𝑠≠𝑣∈𝑆𝐺𝑖,𝑡∈𝐺−𝑆𝐺𝑖 =  ∑

σs, a(𝑣)

𝜎𝑠,𝑎
∗ 𝛼𝑆𝐺𝑖(𝑎)𝑠≠𝑣≠𝑎∈𝑆𝐺𝑖,𝑎∈𝐴𝑠𝑔𝑖

 . 

3. out2in, 𝑣, 𝑡 ∈ 𝑆𝐺i, 𝑠 ∉ 𝑆𝐺𝑖, then the paths from s to v must 

contain an articulation point a which connects s to SGi. This 

case is similar with in2out, the out2in BC score of v is 

∑
σst(𝑣)

𝜎𝑠𝑡
𝑠∈𝐺−𝑆𝐺𝑖,𝑣≠𝑡∈𝑆𝐺𝑖 = ∑

σ𝑎,𝑡(𝑣)

𝜎𝑎,𝑡
∗ 𝛽

𝑆𝐺𝑖
(𝑎)𝑎≠𝑣≠𝑡∈𝑆𝐺𝑖,𝑎∈𝐴𝑠𝑔𝑖 . 

4. out2out, 𝑣 ∈ 𝑆𝐺i, 𝑠, 𝑡 ∉ 𝑆𝐺𝑖, they are in three different sub-

graphs, and must be connected by two articulation points aj 

and ak in SGi. There are 𝜎𝑠𝑡 =  σ𝑠,aj ∗ σaj,ak ∗ σak,t  and σst(𝑣) =

Table 4. The size of sub-graphs for various graphs 

Graph #SG Top sub-graph Second sub-graph Third sub-graph 
#V #E V/G.V E/G.E #V #E V/G.V E/G.E #V #E 

Email-Enron  706   20,416   326,964  55.64% 88.93%  2,996   6,040  8.17% 1.64%  1,229   2,518  

Email-EuAll  1,559   36,395   188,490  13.72% 44.87% 40,382 24,775 13.72% 44.87%  8,649   8,925  

Slashdot0811  5,314   54,207   840,198  70.07% 92.79%  268   800  0.35% 0.09%  246   734  

soc-DouBan  7,801   52,061   448,474  33.61% 68.55%  56   110  0.04% 0.02%  51   100  

WikiTalk 18,672   634,355   3,247,833  26.49% 64.68%  53,814   53,813  2.25% 1.07%  15,890  16,084  

dblp-2010 15,637   148,485   1,161,496  45.52% 71.90%  99,773  182,480  30.59% 11.30%  83   290  

com-youtube 84,767   522,582   4,731,188  46.05% 79.18%  7,614   15,274  0.67% 0.26%  4,179   8,434  

NotroDame 10,731   140,317   1,198,268  43.08% 80.04%  5,329   5,332  1.64% 0.36%  2,635  13,940  

web-BerkStan  4,273   491,370   6,664,542  71.71% 87.68%  30,448  101,170  4.44% 1.33%  17,664  94,723  

web-Google 25,815   661,197   4,682,434  75.50% 91.72%  19,911   38,197  2.27% 0.75%  661   896  

usa-roadNY  7,034   232,844   665,946  88.08% 90.75%  1,155   3,352  0.44% 0.46%  183   444  

usa-roadBAY 12,717   252,897   654,710  78.72% 81.82%  251   564  0.08% 0.07%  244   572  



σs,aj ∗ σaj,ak (𝑣) ∗ σak,t , and thus 
σst(𝑣)

𝜎𝑠𝑡
=  

σs,aj∗σaj,ak (𝑣)∗σak,t 

σ𝑠,aj∗σaj,ak∗σak,t
=

 
σaj,ak(𝑣)

σaj,ak  
 .  

Further for all s reaching v via aj and all t which v can reach 

via ak, there are 

∑
σst(𝑣)

𝜎𝑠𝑡
𝑠∈𝐺−𝑆𝐺𝑖 via 𝑎𝑗,   𝑡∈𝐺−𝑆𝐺𝑖 via 𝑎𝑘 =   ∑

σaj, ak(𝑣)

σ𝑎j ,ak  𝑠∈𝐺−𝑆𝐺𝑖 via 𝑎𝑗,   𝑡∈𝐺−𝑆𝐺𝑖 via 𝑎𝑘 =

 
σaj,ak(𝑣)

σaj,ak  
∗ 𝛽

𝑆𝐺𝑖
(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘). 

And further for all 𝑠 ∈ (𝐺 − 𝑆𝐺𝑖) reaching v via  𝐴𝑠𝑔𝑖  and all 

𝑡 ∈ (𝐺 − 𝑆𝐺𝑖) which v can reach via  𝐴𝑠𝑔𝑖, there are 

∑
σst(𝑣)

𝜎𝑠𝑡
 𝑠,𝑡∈𝐺−𝑆𝐺𝑖  via 𝐴𝑠𝑔𝑖 =  ∑ ∑

σst(𝑣)

𝜎𝑠𝑡
𝑠∈𝐺−𝑆𝐺𝑖 via 𝑎𝑗,   𝑡∈𝐺−𝑆𝐺𝑖 via 𝑎𝑘 𝑎𝑗≠𝑎𝑘∈𝐴𝑠𝑔𝑖

 =

∑  
σaj,ak(𝑣)

σaj,ak  
∗ 𝛽𝑆𝐺𝑖(𝑎𝑗) ∗ 𝛼𝑆𝐺𝑖(𝑎𝑘) 𝑎𝑗≠𝑎𝑘∈𝐴𝑠𝑔𝑖

 . 

Therefore, the out2out BC score of v is computed as follows: 

∑
σst(𝑣)

𝜎𝑠𝑡
 𝑣∈𝑆𝐺𝑖,𝑠≠𝑡∈𝐺−𝑆𝐺𝑖 =  ∑  

σaj,ak(𝑣)

σaj,ak  
∗ 𝛽

𝑆𝐺𝑖
(𝑎𝑗) ∗ 𝑎𝑗≠𝑎𝑘∈𝐴𝑠𝑔𝑖,𝑣∈𝑆𝐺𝑖

𝛼𝑆𝐺𝑖
(𝑎𝑘) . 

Put it all together, and the BC score can be expressed as: 

BC(𝑣) = ∑ (∑
σst(𝑣)

𝜎𝑠𝑡
𝑠≠𝑣≠𝑡∈𝑆𝐺𝑖 + ∑

σst(𝑣)

𝜎𝑠𝑡
𝑠≠𝑣∈𝑆𝐺𝑖,𝑡∈𝐺−𝑆𝐺𝑖 +𝑆𝐺𝑖∈𝑆𝑒𝑡(𝑆𝐺)

∑
σst(𝑣)

𝜎𝑠𝑡
  𝑠∈𝐺−𝑆𝐺𝑖,𝑣≠𝑡∈𝑆𝐺𝑖,  + ∑

σst(𝑣)

𝜎𝑠𝑡
 𝑣∈𝑆𝐺𝑖,𝑠≠𝑡∈𝐺−𝑆𝐺𝑖  )  

= ∑ (∑
σst(𝑣)

𝜎𝑠𝑡
𝑠≠𝑣≠𝑡   + ∑

σs,a(𝑣)

𝜎𝑠,𝑎
∗ 𝛼𝑆𝐺𝑖(𝑎)𝑠≠𝑣≠𝑎,𝑎∈𝐴𝑠𝑔𝑖

+𝑆𝐺𝑖∈𝑆𝑒𝑡(𝑆𝐺)

∑
σa, t(𝑣)

𝜎𝑎,𝑡
∗ 𝛽𝑆𝐺𝑖(𝑎) 𝑎≠𝑣≠𝑡,𝑎∈𝐴𝑠𝑔𝑖

+ ∑
σaj, ak(𝑣)

𝜎𝑎𝑗,𝑎𝑘
∗ 𝛽

𝑆𝐺𝑖
(𝑎𝑗) ∗𝑎𝑗≠𝑣≠𝑎𝑘,𝑎𝑗,𝑎𝑘∈𝐴𝑠𝑔𝑖

𝛼𝑆𝐺𝑖(𝑎𝑘) )  

□ 
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